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The effect of a one-dimensional periodic electrostatic modulation on quantum Hall systems with
filling factor ν = 1 is studied. We propose that, either when the amplitude of the modulation
potential or the tilt angle of the magnetic field is varied, the system can undergo a first-order
phase transition from a fully spin-polarized homogeneous state to a partially spin-polarized charge-
density-wave state, and show hysteresis behavior of the spin polarization. This is confirmed by our
self-consistent numerical calculations within the Hartree-Fock approximation. Finally we suggest
that the ν = 1/3 fractional quantum Hall state may also show similar hysteresis behavior in the
presence of a periodic potential modulation.
The discovery of the integer and fractional quantum
Hall (QH) effects offered invaluable tools to study quan-
tum phase transitions in low dimensions.1 For example,
the translational-invariant QH phases can exhibit novel
forms of two-dimensional ferromagnetism, and show in-
teresting magnetic transitions. Recently, the hystere-
sis phenomena reminiscent of conventional ferromagnetic
materials are discovered in many QH systems. For in-
stance, in close proximity to the critical pressure nec-
essary for the transition from the spin-polarized state
to the spin-unpolarized state, a hysteretic evolution of
the magnetoresistance is observed in the vicinity of even-
numerator fractional quantum Hall states.2 Furthermore,
by applying a gate bias, hysteresis behavior of the longi-
tudinal resistivity is observed in a wide quantum well at
even-integer QH states.3 The physical origin of these ob-
served hysteresis may be associated with the crossing of
Landau levels for electrons (or for composite fermions in
the case of the fractional QH states) with different spin
polarizations.4
Besides the hydrostatic pressure and the gate bias,
modern techniques allow us to introduce other exter-
nal perturbations to QH systems, such as a lateral pe-
riodic electrostatic potential and/or a periodic magnetic
field. QH systems under periodic modulations, either
one-dimensional5 or two-dimensional,6 have been stud-
ied to a great extent. Recently, Manolescu and Gud-
mundsson have theoretically studied a QH system at non-
integer filling factor ν (say, ν ≃ 2.42 in Ref. 8) under pe-
riodic modulations.7,8 By varying either the amplitude
of the modulation or the tilt angle of the magnetic field
with its normal component B0 being fixed, they found a
hysteretic evolution of the ground state due to the com-
bined effects of the external potential and the exchange
interaction. It is interesting to study if similar hysteresis
effects can be found in other situations.
In this paper, we consider the ν = 1 QH system in
a single layer under a one-dimensional periodic modu-
lation. For the system without external periodic mod-
ulation, it is well-known that, even when the Zeeman
splitting is negligible, because of the strong exchange
interaction among electrons, the ground state is a ho-
mogeneous, fully spin-polarized incompressible liquid.9
However, Bychkov et al. found that, when the mixing
between the Landau levels is neglected, the presence of a
one-dimensional periodic modulation could diminish the
excitation energy of spin excitons with finite momentum
to zero.10 Due to these gapless spin excitons, one may
expect that the system can transit from a fully spin-
polarized homogeneous state to a partially spin-polarized
charge-density-wave (CDW) state. While Bychkov et al.
suggested this possibility, they did not pursue this issue
further, because their approach is applicable only prior
to the occurrence of this instability.
We notice that the proposed instability is very likely a
first-order phase transition accompanying hysteresis phe-
nomena. This can be understood as follows. First, this
instability is related to the crossing of the single-particle
Landau bands with different spin polarizations. Similar
picture has been used to explain the observed hystere-
sis due to the application of the hydrostatic pressure or
the gate bias.4 It indicates that the proposed transition
could be first-order and show a hysteresis effect. Second,
it is expected that, by varying the modulation ampli-
tude, the evolution of the ground state could be history-
dependent. If the system is originally in the uniform
fully spin-polarized state, as the modulation amplitude
increases, in order to minimize the external potential
energy, electrons tend to accumulate at the local min-
ima of the external modulation potential. However, this
process must accompany with spin flipping and there-
fore will cost exchange energy among the spin-up elec-
trons. When the cost in exchange energy is larger than
the reduction in the external potential energy, the uni-
form fully spin-polarized state is maintained even under
a modest modulation. The rigidity of the uniform phase
breaks down only when the modulation strength exceeds
a critical value, and a sudden transition to a partially
spin-polarized state ensues. In contrast, once the system
is in a partially spin-polarized state (now electrons with
both spin orientations are present), when the modulation
strength is reduced (the local minima become shallower),
minority-spin (spin-down) electrons will be squeezed out
of the potential minima one by one. Note that, in this
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case, when a minority-spin electron is pushed back to the
nearby unoccupied majority-spin (spin-up) state due to
the reduction of the modulation amplitude, the gain in
exchange energy among the spin-up electrons is roughly
the same order as the cost among the spin-down elec-
trons. That is, the effect of the exchange interaction is
minor in the present case. Therefore, both the evolu-
tion of the ground state and the change of the popula-
tion are mainly determined by the external modulation
potential, and they change gradually as the modulation
is varied slightly. Hence the fully spin-polarized state
will not immediately be restored even though the mod-
ulation strength is decreased below the previous criti-
cal value. Only when the modulation strength is suffi-
ciently small, such that the difference of the populations
between the spin-up and spin-down states exceeds a crit-
ical amount, will the spin gap be abruptly amplified, and
the fully polarized state be recovered. This explains why
a hysteresis effect appears in the present system. The
above argument is confirmed by our calculations within
the Hartree-Fock approximation (HFA). We find that,
either by changing the amplitude of the modulation po-
tential or the tilt angle of the magnetic field, hysteresis
behavior of the spin polarization will occur in the mod-
ulated ν = 1 QH system.
By using the Landau gauge and neglecting the Landau
level mixing, which is valid when the cyclotron energy
h¯ωc is much larger than the typical Coulomb energy, the
Hamiltonian of a modulated QH system under a strong
perpendicular magnetic field B0 can be expressed in the
form
H =
∑
X,α
(−
α
2
∆(0)z − µ)c
†
X,αcX,α +HM +HC , (1)
HM =
∑
X,α
V0e
−(G0l)
2/4 cos (G0X) c
†
X,αcX,α , (2)
where c†X,α is the creation operator of an electron in the
lowest Landau level (LLL) with a guiding center coordi-
nate X and spin α (α = ±1). ∆
(0)
z , µ, and l ≡
√
h¯/eB0
are the Zeeman energy, the chemical potential, and the
magnetic length, respectively. Here we take h¯ωc/2 as
the zero of energy. In the present investigation, we con-
sider the simplest model of a one-dimensional electro-
static modulation V (x) = V0 cos(G0x) with a period
a = 2π/G0. Finally, the Coulomb interaction gives a
contribution HC ,
HC =
1
2
∑
{Xi},α,β
〈X1, X2|v|X3, X4〉c
†
X1,α
c†X2,βcX3,βcX4,α , (3)
〈X1, X2|v|X3, X4〉 =
1
A
∑
q
v(q)e−(ql)
2/2eiqx(X1+X4)/2e−iqx(X2+X3)/2δX1,X4+qyl2δX2,X3−qy l2 , (4)
where A is the area of the system and v(q) = 2πe2/κ|q|
is the Fourier transform of the Coulomb potential with κ
being the dielectric constant.
In the spirit of the HFA, the model Hamiltonian be-
comes
HHF =
∑
X,α
(εX,α − µ)c
†
X,αcX,α , (5)
where the single-particle energies under the HFA are
εX,α = −
α
2
∆(0)z + V0e
−(G0l)
2/4 cos(G0X)
+
∑
Gj
Wα0 (Gj)e
−iGjX (6)
with {Gj = jG0, j = 0,±1,±2 · · ·} being the recipro-
cal lattice vectors of the one-dimensional periodic struc-
ture. The Hartree-Fock effective interaction potential
Wα0 (G) can be split into a direct [H0(G)] and an ex-
change [X0(G)] component
11
Wα0 (G) =
e2
κl
∑
β
[H0(G) − δα,βX0(G)]
〈
ρβ0 (−G)
〉
(7)
with
H0(G) =
1
|G|
e−(Gl)
2/2 (1− δG,0) , (8)
X0(G) =
√
π
2
e−(Gl)
2/4I0
[
(Gl)2
4
]
, (9)
〈
ρβ0 (−G)
〉
=
1
Nϕ
∑
X
eiGX〈c†X,βcX,β〉, (10)
where I0(x) is the modified Bessel function and Nϕ is
the Landau level degeneracy. The factor (1− δG,0) in
the expression of H0(G) is due to the neutralizing posi-
tive background. From Eq. (6), we find that the modu-
lation lifts the degeneracy of the Landau levels and the
resulting single-particle energies have a periodic struc-
ture, εX,α = εX+a,α. Within the HFA, the thermal ex-
pectation value 〈c†X,αcX,α〉 = f(εX,α − µ), where f(x) is
the Fermi-Dirac distribution function. The condition of
ν = 1 is given by (1/Nϕ)
∑
X,α〈c
†
X,αcX,α〉 = 1. Eqs. (6)-
(10), together with this condition, form the basis of our
self-consistent scheme.
2
Before starting the numerical calculations, we notice
that, for ν = 1, the Hamiltonian within the LLL ap-
proximation [Eqs. (1)-(3)] is invariant under the following
particle-hole transformation,
c†X,α → c˜X+a/2,−α and cX,α → c˜
†
X+a/2,−α . (11)
By using this particle-hole symmetry, one leads to an ex-
act expression of µ at all temperatures, µ = −ǫc/2, where
ǫc ≡
√
π/2 (e2/κl) is the exchange energy per electron of
the uniform fully polarized state. For simplicity, in the
following, the units of length and energy are taken to be
the magnetic length l and ǫc, respectively.
0.3 0.4 0.5 0.6 0.7
V0
70
80
90
100
110
Sp
in
 p
ol
ar
iza
tio
n 
(%
)
FIG. 1. Evolution of the spin polarization for a = 10 (solid
line) and a = 15.7 (dashed line) at T = 0.
We consider two modulation periods, a = 10 and
a = 15.7 (i. e. G0 = 0.4), with ∆
(0)
z = 0.03. The
period a = 15.7 is chosen in order to compare our re-
sult with that in Ref. 10. We begin with the poten-
tial amplitude V0 = 0, and find the self-consistent solu-
tion by iteration, starting from the fully polarized state.
Then the value of V0 is increased slightly and a new self-
consistent solution is obtained by using the previous so-
lution as the initial try. The modulation amplitude is
then changed again and this self-consistent scheme is re-
peated. As shown in Fig. 1, by increasing and then de-
creasing V0, we obtain hysteresis behavior of the spin
polarization, (1/Nϕ)
∑
X,α α〈c
†
X,αcX,α〉. This indicates
that the system undergoes a first-order phase transition
from a fully polarized homogeneous state to a partially
polarized CDW state (see the discussions below), which
corresponds to the sudden drop of the spin polarization in
Fig. 1. Within the HFA, the critical value of V0 at which
the instability occurs can be estimated as follows. For the
uniform fully polarized state to be the self-consistent so-
lution at T = 0, the maximal value of εX,+1 for this state
must be lower than the chemical potential µ = −ǫc/2.
From Eq. (6), this gives
V0 ≤
1
2
(
∆(0)z + ǫc
)
e(G0l)
2/4. (12)
Thus the critical value of V0 is given by the right-hand
side of the above inequality.12 For ∆
(0)
z = 0.03, the crit-
ical value is 0.568 (0.538) for a = 10 (a = 15.7), which
agrees with the result in Fig. 1. Moreover, from Fig. 1
we find that the larger the period a is, the smaller the
hysteresis loop becomes. Thus our result implies that
the hysteresis loop will no longer exist for a long enough
period.
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FIG. 2. The self-consistent solution of the energy spectra
in the first Brillouin zone, 0 ≤ X < a for a = 10. The mod-
ulation amplitude V0 = 0.5 in Fig. 2(a) and V0 = 0.6 in Fig.
2(b). The horizontal dashed lines denote the Fermi levels.
To investigate the electron population in the ground
state, energy spectra εX,α for two different V0’s with
a = 10 and ∆
(0)
z = 0.03 are shown in Fig. 2. For V0
smaller than the critical value [Fig. 2(a)], the spin split-
ting is amplified by the exchange energy ǫc, and there is
no overlap between the spin-split bands. Therefore, we
have a spatially uniform ground state with fully-polarized
spins even though the system is modulated. The energy
spectrum keeps this structure until V0 reaches the crit-
ical value, where the two Landau bands begin to touch
each other at the energy of µ = −ǫc/2. When V0 is
larger than the critical value so that the bands overlap,
the population of the spin-down band becomes nonzero,
and the spin splitting is no longer a constant for different
X ’s [Fig. 2(b)]. Thus a partially polarized CDW state
is formed, where both the charge and the spin densities
are periodically distributed. If V0 is now decreased, the
energy spectrum will keep similar structure as that in
Fig. 2(b). Only when V0 is sufficiently small, such that
the difference of the populations between the spin-up and
spin-down states exceeds a critical amount, will the spin
gap be abruptly amplified. Hence the energy spectrum
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again becomes similar to Fig. 2(a) and the fully polar-
ized state is recovered. This history-dependent evolution
of energy spectra is in fact implied in Fig. 1.
Instead of changing the modulation amplitude, the
hysteresis loop can also appear by tilting the magnetic
field. For a given large modulation amplitude (say,
V0 = 0.6), when the external magnetic field is tilted by an
angle φ but with a fixed normal component B0, the total
field B = B0/ cosφ and therefore the Zeeman splitting
∆z = ∆
(0)
z / cosφ are varied. By using the same numeri-
cal iterative procedure, we show in Fig. 3 the spin polar-
ization for two temperatures (kBT = 0 and kBT = 0.01)
with a = 10 and V0 = 0.6 to illustrate the effect of ther-
mal fluctuation. We find that, just as conventional ferro-
magnets, the hysteresis loop shrinks as the temperature
rises.
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FIG. 3. Hysteresis loops for the spin polarization for
kBT = 0 (solid line) and kBT = 0.01 (dashed line).
In conclusion, within the HFA and the LLL approxi-
mation, we investigate hysteresis properties for the ν = 1
QH systems by tuning the periodic modulation ampli-
tude and the tilted magnetic field. These results indicate
that the intra-Landau-level exchange interaction plays a
crucial role in forming the hysteresis. This hysteresis can
be tested experimentally for modulated QH systems. For
typical GaAs-based samples with a carrier density about
3×1011 cm−2, the period and the amplitude of the mod-
ulation required to exhibit the proposed hysteresis are
about 0.1 µm and 10 meV, which can be reached by using
current technology. Although we focus our attention on
the ν = 1 case only, it is expected that similar hysteresis
phenomena may occur in some other fully spin-polarized
incompressible QH states under a periodic modulation,
as long as the intra-Landau-level exchange interaction
plays an important role in forming the spin splitting. For
example, according to the composite-fermion theory,13
the physics of the ν = 1/3 fractional QH state should
be similar to that of the composite fermion filling factor
νCF = 1 QH state. Therefore, by translating the present
discussion into the language of composite fermions, our
results indicate that the ν = 1/3 fractional QH state can
be another candidate for this modulation-induced hys-
teresis.
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